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A model which incorporates the influence of electrode surface conditions, gas pressure, and 
charging rate on the voltage stability of high energy spark gaps is discussed. Experimental results 
support several predictions of the model; namely, that increasing the pressure and the rate of 
voltage charging both produce a broadening of the self-breakdown voltage distribution, whereas a 
narrow voltage distribution can be produced by supplying a copious source of electrons at the 
cathode surface. Experimental results also indicate that two different mechanisms can produce 
this broadening, both of which can be taken into account with the use of the model presented. 
Further implications of the model include changes in the width of the self-breakdown voltage 
probability density function as the primary emission characteristics of the cathode are modified 
by, for example, oxide or nitride coatings and/or deposits from the insulator. Overall, the model 
provides a useful and physically sound framework from which the properties of spark gaps under 
a wide variety of experimental conditions may be evaluated. 

INTRODUCTION 

Low-jitter, triggered spark gaps are needed for a wide 
variety of switching applications, including fusion ma­
chines, I weapons systems, and high-energy physics experi­
ments. To achieve low jitter, the switch should be triggered 
as close to the self-breakdown voltage as possible. Thus, an 
ideal switch should have a delta function for the self-break­
down voltage probability density function. In actual oper­
ation the self-breakdown voltage will be somewhat erratic, 
and in most cases "prefires," or breakdown voltages which 
are significantly less than the mean, will occur. The self­
breakdown voltage density functions and the respective dis­
tributions for these cases are shown in Fig. 1. This paper 
presents a model which incorporates the processes which 
can produce the voltage distribution shown in Fig. lIb). The 
problem of prefires is not addressed here but is being consid­
ered for future work. 

when the first electron appears at the cathode after a break­
down condition (Townsend or Streamer condition) has been 
satisfied. The theoretical model presented here includes all 
of these mechanisms by which the cathode surface can affect 

Numerous studies2
-6 have shown that the choice of gas, 

electrode, and insulator material can significantly influence 
the width and shape of the actual voltage density function. 
More specifically, several studies7

-
9 have suggested a corre­

lation of the statistical distribution in the self-breakdown 
voltage of a spark gap and the properties of the cathode sur­
face, including its microstructure. The data have been inter­
preted in terms of models that consider: 

(1) the effect of the field enhancement, due to cathode 
microstructure, and the effect of lower surface work func­
tions, resulting from surface coatings, on the generation rate 
of electrons at the cathode7

•
1O

•
11

; 

(2) the effect of the field enhancement on Townsend's 
first ionization coefficient a 7.12.13; and 

(3) the effect of the surface coatings and the applied field 
on the secondary emission coefficient r at the cathode. 14 

These models usually include the concept of "waiting­
for-an-electron," in that breakdown is assumed to occur 

Pv(v) FV(V) 

v v 

(b) 

v v 

v v 

FIG. 1. Self-breakdown voltage probability density function P .. (v) and its 
distribution function F .. (v) for (a) ideal spark gap; (b) actual spark gap. (c) 
actual spark gap with prefires. 
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the statistical distribution in the breakdown voltage, and in­
dude the field enhancement effects on the cathode surface in 
anew way. 

Hodges et al. 15 take into account the probability that no 
breakdown occurs even if the breakdown condition is satis­
fied. However, this probability goes from 0 to 1 quite rapidly 
near self-breakdown and hence is ignored for simplicity in 
the present analysis. 

THEORETICAL MODEL 

General case 

Consider a spark gap subjected to a monotonically in­
creasing applied voltage v(t ). Denote the breakdown voltage, 
a random variable, as V. The field enhancement factor M, 
defined as the ratio of the enhanced electric field at the cath­
ode with microstructure to the electric field without micro­
structure, is also considered to be a random variable (the 
underlying sample space is the geometrical surface of the 
cathode). The random variableM is characterized by a prob­
ability density function PM(m). A basic assumption of the 
model is that the gap breaks down when an electron is born 
at a site on the cathode surface where M is as large as or 
larger than the value that satisfies the breakdown condition 
(perhaps Townsend or streamer) at the particular voltage 
applied. We denote this threshold value of the field enhance­
ment as m,{v). PhysicaJJy we expect that m,(v) is a monotoni­
cally decreasing function ofv [Bm,(v)/Bv < 0], an increasing 
function of pressure [Bm,(v)/Bp > 0], and that m,(O) = 00 

and m,(vmax ) = 1. Figure 2 shows an actual calculation of 
m,(v) using a model microstructure described in Appendix 
A. The trends for this model are listed in Tabl.e 1. 

We now calculate the probability p, that the gap breaks 
down during the time between t and t + Lit and hence at a 
voltage between v and v + .Jv. For Lit small, the probability 
(Lip,) that an electron is born between t and t + Lit at a site 
where M takes a value between m and m + Lim is 

ie[m,v(t)] 
Lip, = ..1 tpM(m)..:lm. (1) 

e 

The quantity e is the charge on an electron and i. is the 
primary electron ClJrrent generated at the cathode. In gen-

d = 0.2cm 
h = 0.02 cm 

P, = 2.5 aim 

10 

5 

10 

V(kV) 

FIG. 2. m,(v) vs V for two different pressures in nitrogen. 

eral, i. could be generated naturally by 
(a) cosmic rays ionizing the gas in front of the cathode 

surface, 16 

(b) Fowler-Nordheim field emission,17 and/or 
(c) Schottky field-assisted thermal emission. IO 

These emission processes could occur directly from the 
cathode material or from compounds existing on the cath­
ode surface whose work function is usually lower than that 
of the metal and which can be effectively lowered even 
further by surface charging. Thus, in general, ie couId be a 
function of tot a!. cathode surface area, voltage, field enhance­
ment, temperature, and work function. The last three are 
also functions of the position on the surface. For the follow­
ing formulation, however, we will represent i. as an explicit 
function of field enhancement and voltage only (see Appen­
dix B). 

If..1t is large compared with the time of aval.anche for­
mation (see Appendix q, then the probability that the gap 
breaks down between t and t + .J t is 

.Jt J"" p,(.Jt) = - ie[m,v(t)JPM(m)dm. 
e m~v) 

(2) 

TABLE I. General trends for the threshold field enhancement m,(u) calculated for an ellipsoidal protnJsion in a uniform field using the Townsend breakdown 
criteria in N2 and the streamer criteria in SF •. 

Trend 

au 
T·l:-- >0 am, 

am, 
T-2;-- >0 

ap 

T-3: ~ (.!!!...) > 0 ap am, 

T-4; ~ (.!!!...) <0 ad am, 

T-5: ~ (.!!!...) > 0 ah am, 

Implication 

The greater the spread in field enhancements. the greater the possible range in breakdown voltages. 

The higher the pressure. the higher the required threshold field enhancement for a fixed voltage_ 

For a fixed distribution offield enhancements. the higher the pressure. the greater the possible spread in breakdown voltages. 

The larger the gap spacing. the smaller the effect of surface microstructure. 

The larger the microstructure, the greater the spread in breakdown voltage for a fixed distribution of field enhancements, 

Note: All trends for SF 6 are greater than and in the same direction as the trends for nitrogen. 
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Let the random variable T represent the time elapsed before 
breakdown of the gap. Then, from Eq. (2), the probability 
density function for T is readily seen to be1s 

PT(t) = I(t )exp( - i'/(T)dr). (3) 

where 

1 100 

I(t) = - i. [m,v(t )]PM{mJdm. 
e m,lv!t1l 

(4) 

Since, by assumption, v(t) is a monotonic function of t, then 
the probability density function for the breakdown voltage v 
iS

19 

Pv(V) = PT (t (v) ]/1 dv/ dt I 
oro 

Pv(vl = A ~~) exp( _ 1" A (~!d1J } 

(5) 

(6) 

where Vi is the derivative ofthe charging voltage with respect 
to time [dv(t lldt] and 

1 i'" . A (v) = - Ie (m,v)PM(m)dm. 
e m~v) 

(7) 

It is easy to see that 

F v(v) = [~v(S Jds = 1 - exp( - (" A (:Jd1J ), (8) 
... 0 Jo v (1J) 

where F v(v) is the cumulative probability distribution for the 
random variable, V. Equation (8) shows that the width of the 
self-breakdown voltage distribution (1) decreases with in­
creasing ie, (2) increases with increasing m, caused by, for 
example, an increase in operating pressure, and (3) increases 
with increasing v', the charging rate. Note that v'is to be 
evaluated at v, and hence can be considered as a function of v, 
namely, Vi = v'(v). UV(I) is a ramp, then v' = vb, a constant. If 
v(!) is an RC charging waveform, then v' = (vo - v)/RC, 
where Vo is the charging voltage. If v(t ) = A (1 - cos wt ) for 

O,wt,1T, then v' = (J)~v{2A - v). 
From Eqs. (7) and (8), it is easy to show20 that 

A (v) = .l ['" ie{m,v)PM(mJdm = v'Pv(v) . 
e ';"',(vl 1 - Fv{v) 

(9) 

Notice that all the terms on the right-hand side ofEq. (9) can 
be measured experimentally. This will hold true for the spe­
cial cases discussed below as well. This is an important re­
sult, for even when i. depends on (implicit) variables other 
than m and v, the function v'Pv(v)/[ 1 - Fv(v)] should still 
describe the results (see Appendix B). 

Special cases 

To proceed further, consider two special cases of the 
model. First, suppose that ie(m,v) is constant so that field­
enhancement distribution effects from the cathode surface 
microstructure and waiting-for-an-electron effects are the 
primary physical mechanisms included in the model. This 
circumstance is likely to hold, for example, when the cath­
ode is illuminated with sufficiently intense ultraviolet radi­
ation so that any field emission current is dwarfed by photo­
electric current, which should be independent of M and V. If 
i. = i.o' a constant, then Eq. (9) gives 
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i.o vPv(v) 
A (v) = - {l- FM [m/lv)] 1 = (10) 

e I-Fv(v) ' 

where F M(m) is the cumulative probability distribution for 
the random variable M. Ifwe know m,{v), we can determine 
FM{m) by plotting FM [m,(v)] vs m,{v). Therefore, for this 
special case it is possible, in principle, to deduce F M(m) from 
Pv(v) (self-breakdown voltage histogram) under a given set of 
conditions and thus predict Pv(v) [or F v(v)] for a different Vi 

or gas pressure [which affects m,(v)], for example. For this 
special case, Eq. (8) becomes 

Fv(v) = l-exp( - i; f !1-FM[V~I(1J)Jld1J). (II) 

Consider now a second special case in which PM(m) 
= 8(m - mol, where 8 (·)is the Dirac delta function and mo is 

a constant. In this case the field enhancement is assumed to 
be uniform (that is, sufficiently characterized by its mean 
value rather than its distribution) so that the primary effects 
included are the voltage dependence of the primary electron 
current i. and waiting-for-an-electron. In this case Eq. (8) 
becomes 

( II ie(m O,1J)d1J ) F v(V) = I - exp - - , , 
e", v 

(12) 

where V, is the threshold voltage, and m,(v,) = mo, while Eq . 
(9) becomes 

j () ie(mo,v) v'Pv(v) 
11. v = = ,V>V, • 

e 1 -Fv(v) 
(13) 

EXPERIMENTAL ARRANGEMENT 

The experimental arrangement and the system diagnos­
tics used to test the theoretical results are shown in Figs. 3 
and 4. The construction of this facility and the development 
of the modeling software is described elsewhere.9

•
21 The test 

circuit shown in Fig. 4 consists of a high-energy (2 kJ) pulse­
forming network (PFN) and a low-energy ( < I mJ) R C prob­
ing circuit. The PFN delivers a unipolar, 25-f-lsec pulse into a 
O.6-fl matched load in order to generate an electrode surface 
which is characteristic of a high-energy switch. The RC 
probing circuit is used to generate the voltage distributions 
with a low-energy, low-current pulse so that the equilibrium 

Screen 
Room-' , , 

I 
I 
I 
I 
I , L _______________________ J 

FIG. 3. Experimental arrangement and system diagnostics. 
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Scope 
(555) 

,'I~ 

~o-
U.V. 

Lamp 

C1 = 1nf 
C2 = 0.5J1f 

temperature is reached prior to each shot. This low-energy 
circuit is also used so that the surface microstructure pro­
duced by the high-energy shots will not be altered signifi­
cantly from shot to shot. The criteria for determining that no 
alteration in surface features had occurred was the compari­
son of the voltage distributions before and after a given ex­
periment. The pressure in the spark gap could be raised to 
3.5 atm and the voltage ramp rate could be varied from 3 to 
60 k V /s by changing Rc' A 5-W UV lamp was used to gener-

FIG. 5. Stainless-steel electrode after 2200 high-energy discharges in nitro­
gen: (a) cathode surface-top view (marker is 4 mm); (b) cathode surface­
side view (marker is 1 mm). 
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Mark" 
PFN 

High 
Voltage 

Charging 
Network 

RC = 10MO - lGO 
Vo ~100kV 
RUM = 100kO 
RO = 2kO -lMO 

FIG. 4. Test circuits. 

ate additional electrons at the cathode surface when needed. 
A testing sequence consisted of firing 2000-7000 shots 

at high energy, waiting approximately 1 h for the electrode 
to cool, and proceeding with several. series of 500 low energy 
shots with different ie' v', and pressure. The Kolmogorov­
Smirnoff 22 test indicates that this number of shots should 
determine F v(v), within a confidence level of 99%, to an 
accuracy of 7%. Figure 5 shows a typical eJ.ectrode surface 
generated by the high-energy pulses for the case of 304 stain­
less-steel run in one atmosphere of nitrogen gas at a gap 
separation of 5 mm. Examination of the electrode surface 
after application of the low-energy pulses indicates that no 
significant changes had occurred which might alter the 
breakdown statistics. 

EXPERIMENTAL RESULTS 

Several experiments were performed to verify the mod­
el's predictions for the effect of ie' v', and pressure on the 
probability density functionpv(v). In the first experiment, an 
UV source was used to generate a continuous supply of pho­
toelectrons at the surface of a stainless steel electrode in air. 
Figure 6 shows that, without UV, the density function is very 
broad, indicating that the cathode surface is a very poor 
emitter of electrons. However, with the UV source on, the 
density function is reduced and shifts to the lowest value of 
breakdown voltage. Nitta et al. 23 observed the same effect in 
SFo at pressures up to 2 atm. This result is significant for at 
least two reasons. First, it supports the waiting-for-an-elec­
tron concept as one mechanism responsible for statistical 

0.3 

WllhU.V.--

PV(v) 

o+-----------~~~--~--------------~-
o 30 

V(kV) 

FIG. 6. Self-breakdown voltage probability density function for stainless 
steel in air. with and without UV. 
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variation in the self-breakdown voltage; and second, it pro­
vides an externally controllable experimental "switch" 
where the effect of waiting-for-an-electron can be turned on 
or off. The behavior observed is consistent with Eq. (8). 

A second experiment consisted of varying the voltage 
ramp rate Vi from 3 kV Is ("slow" ramp) to 30 kV Is ("fast" 
ramp). According to the model [Eq. (8)], if you are waiting 
for an electron to appear, then the faster the ramp rate, the 
higher the breakdown voltage will be when the electron ap­
pears and thus the greater the scatter in the density function 
py{v). Figure 7 shows that this effect was indeed observed. 
Also, from Eq. (8), the density function for the slower ramp 
rate could be theoretically calculated from the data for the 
fast ramp rate. Figure 7 shows this result for the assumption 
i. = i.o, a constant. The result is fair, indicating that for bet­
ter agreement a more realistic expression for i., perhaps 
i.(m,v), would have to be used. Hodges 10.1 1 has modeled this 
effect using i.{m,v,ljJ,fJ) and was able to achieve good agree­
ment between experimental and theoretical values. 

Previous workI3.24-26 has shown that with the presence 
of cathode microstructure. an increase in pressure can lead 
to significant deviations from the Paschen curve breakdown 
voltage if the product of the protrusion height and the pres­
sure is greater than a gas-dependent threshold. For example, 
Berger)3 calculated that pressure-height products of 30 
J-lm atm for SF 6 and 200 J-lm atm for air would be required 
for the onset of breakdown voltage modifications due to en­
hanced ionization occurring near the microprotrusions. A v­
rutskii8 stated that an increase in pressure should lead to an 
increase in scatter in the breakdown voltage. but no data 
were given. Thus, in order to understand the effect of pres­
sure on the breakdown voltage statistics for a surface with 
large protrusions. the brass sample shown in Fig. 8 was gen­
erated and the breakdown voltages were recorded for pres­
sures up to 3.5 atm. (Earlier work in electrode erosion 
showed that brass electrodes in high energy operation can 
form protrusions up to 500 J-lm. 2 J) Figure 9 clearly shows an 
increase in scatter, especially at the low end, in the density 
functionpv(v) for higher pressures. If the effect is due to field 
enhancements, then the calculated range of m's at any pres­
sure should be the same since the distribution of surface field 
enhancements is not changing from shot to shot. For p = 1.7 
atm, the range of m's, calculated using the model in Appen­
dix A, was 1-2.93; for p = 2.5 atm, the range was 1-3.63. 

Py(v) 

Increased scatter with increased pressure has also been 

0.3 

Predicted for 
V' = 3kY/sec 
using i. = leo 

/ V' = 30 ky/sec 

O+-______ ~L-~~~ ______ ~~---

o 30 
V(kV) 

FIG. 7. Self-breakdown voltage probability density function for different 
charging rates. 
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FIG. 8. Surface of brass cathode used for pressure studies (marker is 4 mm). 

observed for electrode surfaces with microstructures much 
smaller than the size required to affect the breakdown vol­
tage. Figure 10 shows the breakdown voltage distribution as 
a function of pressure for graphite electrodes in air. The en­
tire electrode surface was examined with a high-power opti­
cal microscope and no protrusions greater than 10 J-lm were 
discovered. Although the pressure-height product is an or­
der of magnitude less than the amount required to affect the 
breakdown voltage by enhanced ionization, 13 there is still a 
significant spreading of the distribution at higher pressures. 
Unlike the results for the brass electrodes, the spreading oc­
curs at the high end of the distributions, i.e., for voltages 
larger than those calculated from the Townsend breakdown 
criteria for a gap without protrusions, and M = 1. Whereas 
the results for brass indicated a lowering of the Townsend 
breakdown criteria due to enhanced ionization, the results 
for graphite suggest that a different mechanism is producing 
the scatter at high pressures, possibly, by altering the effec­
tive generation rate of electrons. Levinson and Kunharde7 

have reported a reduction in the effective electron generation 
rate at the cathode for higher pressures, although no specific 
mechanism was described. 

The pressure data were also found to be of importance 
for analyzing the different ie cases which were studied theor-

0.3 

p:l.7a1m_ 

Pv(v) 

o~----------~~L-----L------------r­
o 

Y(kY) 
30 

FIG. 9. Self-breakdown voltage probability density function for brass elec­
trodes in air at different pressures. 
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0.45 

p = 0.9 aim 

-----
Pv(v) p = 1.9alm ---.. FlO. 10. Self-breakdown voltage probability 

density function for graphite electrodes in air at 
different pressures. 

o+---------~--~------~--~------~----~--~--

o 
V(kV) 

etically. Figure 11 shows theoretical plots of the quantity 
v'Pv(v)/ [1 - F v(v) J for the three physical. cases discussed 
earlier: (al Ie = Ie (mo'v), mo is a constant over the entire sur­
face [Eq. (13)]; (b) I. = feO is a constant [Eq. (10)); and (c) the 
most general case, fe = ie(m,v) which assumes a distribution 
of surface field enhancements [Eq. (9)). A Gaussian distribu­
tion in field enhancements was used for cases (b) and (c). The 
function m,(v) was calculated using the model described in 
Appendix A and a Schottky emission current was used for 
ie(m,v). Case (a) illustrates that if there is no spread in the 
distribution for M [Eq. (13 I], then an increase in pressure will 
correspond simply to a higher emission current because of 
the higher breakdown voltage occurring at that pressure, 
which is typical for a field-dependent Schottky or Fowler­
Nordheim emission mechanism. 1O A higher emission cur­
rent at higher pressure would imply narrower statistics, but 
experimental results indicate just the opposite; namely, 
broader statistics at higher pressures. However, in case (b) 
for a fixed voltage, the increase in pressure has the effect of 
raising the threshold m, required for breakdown which 
raisesF M [m, (v)], and thus the function v'Pv(v)I [ I. - F v(v) J 
is multivalued and decreases with increasing pressure [Eq. 

(a) 

P2 

P2>P, 

(b) 

P2 

fOO'ecm,V) ()d 
--e-, PM m m P2 >P, 

mt(v) (c) 

FIG. 11. Theoretical plots of v'Pv(v)/[ 1 - Fv(v)] for (a) i. = i,(m(»v); (b) 
i, = i .. ; and (c) i, == i.(m.v). 
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(10)]. For case (c), v'p v(v)! [1 - F v{v) ] is also multivalued 
and decreases with increasing pressure, but in a different 
way [Eq. (9)J. For a fixed voltage, and assuming that the 
surface features do not change with pressure, the integrand 
is constant with increasing pressure. However, the lower 
limit on the integral, namely m,(v), increases with increasing 
pressure which has the effect of reducing the value of the 
function. 

Figure 12 is a plot of the function v'Pv(v)I [ 1 - F v(v)] 
from experimental data for the pressure data of Fig. 9. From 
this plot it is clearly seen that the experimental data are in­
consistent with the theoretical results for case (a) (a constant 
M surface). Thus, the effect of a distribution in field enhance­
ments should be considered in the analysis of the breakdown 
statistics. In addition, the function v'Pv(v)/ [ 1 - F v(vlJ in­
creases very rapidly with voltage and only very extreme val­
ues for the work function, <P < 0.5 e V, and field enhance­
ment, M> 50, couId give reasonable agreement between the 
experimental data and the Fowler-Nordheim or Schottky 
field emission mechanisms. 

CONCLUSION 

A model has been described which correctly accounts 
for the influence of pressure, v', ie' and surfa.ce microstruc­
ture on the self-breakdown voltage statistics. The model's 
importance in the area of pulse-charged and triggered 
switches stems from the fact that the statistics for these sys­
tems have been recently shown28 to be heavily dependent on 
the self-breakdown statistics discussed in this paper. 

Using this model, theoretical and experimental results 
show: 

v'Pv(V) 
1-Fyev) 

P, ::: 1.7 atm. 
P2 ::: 2.5 atm. 

FIG. \2. Experimental plots ofv'Pv(v)/[l - Fv(v)]. 
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( 1 ) The spread in self-breakdown voltages in a spark gap 
is a function of the charging rate (v') and the cathode surface 
properties which determine the electron emission curent ie 
and the distribution of field-enhancement sites F M (m). 

(2) Increasing i. provides a practical method for reduc­
ing the width of the self-breakdown voltage density function. 
This can be accomplished with an external UV source, by 
sandblasting the electrodes to supply a large number of low 
work-function emitting sites,28 or perhaps with an electron 
emission agent introduced into the cathode material. 29 

(3) The spread in self-breakdown voltages increases 
with increasing pressure, and/or increasing charging rate. 

(4) Increasing pressure had two distinctive effects on the 
breakdown voltage distributions. For large microstructures 
( > 200 J.Lm) on brass electrodes, increasing pressure led to 
increased scatter at the lower end of the distributions as a 
result of enhanced ionization near the microprotrusions. For 
small microstructures ( < 10 J.lm) on graphite electrodes, an 
increase in pressure led to increased scatter at the high end of 
the distributions which perhaps was due to a lowering ofthe 
effective electron emission current i e • 

(5) The function V'py(v)lfl-Fy(v)], which can be 
compared directly from self-breakdown voltage data, is use­
ful for determining the nature of ie for a given set of condi­
tions. 
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APPENDIX A 

The Townsend breakdown criterion for a spark gap 
with microstructure is given by 

[adZ =K, (AI) 

where a is the effective ionization coefficient of the gas 
which is equal to a - 11; where a is the Townsend first ioni-

b 
FIG. AI. Ellipsoidal sur­
face protrusion model. 

~---- d ----~ 
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1 

FIG. A2. m,(v) vs Vas a function of pressure in nitrogen. 

zation coefficient, 11 is the attachment coefficient, h is the 
protrusion height, d is the gap spacing, and K is a function of 
E /p which is obtained from empirical data. The microstruc­
ture modifies the voltage which satisfied Eq. (A 1) by altering 
the electric field and thus a in the region near the protrusion. 
One can model the protrusion several ways,12,30 but the se­
mieUipsoidal model shown in Fig. A 1 was chosen because 
the electric field along the z axis was known analytically and 
could be expressed in terms of the field-enhancement M. The 
axial field for this configuration is given by12 

E(z) = Eo(1 + (M - 1) ~). (A2) 
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FIG. A3. m,(v) vs Vas a function of pressure in SF •. 
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FIG. A4. m,(v) vs Vas a function of protrusion height for two different 
pressures in nitrogen. 

where Eo is the electric fiel.d with no protrusions. 
The field-enhancement factor M is related to b, the radi­

us of the base of the protrusion, and h, the protrusion height, 
by the equation 

c
2 (1 1+c )-1 M= ---2 -In-- -1 , 

1 - c 2< 1 - c 
(A3) 

where 

c = 1 - b 2/h 2. 

The coefficients a and K were obtained from the litera­
ture. 13

•
31 Thus, Eq. (AI) was solved for a variety of condi­

tions and plotted in Figs. A2-A4. It should be remembered 
that these graphs are useful only for showing trends since 
actual. surface structure effects are not as simple as a single 
e1Jjpsoid. Also, it was assumed that a takes on its equilibrium 
value instantly, when in reality it would gradually approach 
its equilibrium value within a few collision paths. 32 This ef­
fect is depicted in Fig. A5 and the calculated results in Fig. 
A6 show that if one takes this into account the effect would 
be to smooth the surface out or to reduce protrusion effects. 
The actual transition was calculated using an a which 
reached equilibrium in a linear manner. Any monotonic 

~ 
a 

I 
I • 

b) - - - - ~- - - - - - - - - -

s 

FIG. A5. (a) Electric field across the gap; (b) a with and without correction 
factor for nonequilibrium values over a distance S. 
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FIG. A6. m,(v) vs Vwithand without equilibrium a correction in nitrogen. 

transition function, however, would have a similar effect. 
Thus, the values obtained for the breakdown voltage 

using equilibrium values ofa are lower limits for a given set 
of conditions. 

APPENDIXB 

Suppose that the primary electron current ie depends 
on the random variables, e, the temperature over the cath­
ode surface, and <P, the work function over the cathode sur­
face, in addition to the random variable M and the applied 
voltage v(r). Then Eq. (2) becomes 

.1t 100 100 100

-pt(At)= --- d¢ dO i.[¢,(),m,v(t)] 
e 0 0 m~u) 

XP<S>eM(¢,O,mjdm, 

where P<S>eM(¢,O,m) is the joint probability density function 
for <P, e, and M. Since33 

P'I'f:JM(¢,O,m) = PM(m)p'l'(¢> Im)po(() Im,¢», 

where P'I'(¢ 1m) and Po(O 1m,¢> ) are conditional probability 
densities, then 

~t 1"" Pt(~t) = --- ie [m,v(t )JPM(mjdm. 
e mM 

where 

i. [m.v(t) J = 1"" d¢ 1"" dOte [¢,(),m,v(r)J 

Xp'I'(¢ Im)po(O Im,¢». 

Clearly, the form ofpt(~t) does not change when the 
dependence of the current on the additional random varia­
bles, cfJ and e, is induded. The dependence of the current on 
the random variable M is important, on the other hand, be­
cause the limits of the integral over m are not fixed, but 
depend on m,(v), a quantity that depends on the breakdown 
criterion, Townsend or streamer. The work function over 
the surface <P and the temperature over the surface e do not 
enter into the breakdown criterion, however, and hence are 
important only in an average sense in this formulation. 
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Note that the various probability densities are assumed 
constant in time. This assumption seems implausible for the 
temperature e until we realize that it is the temperature 
probability density at the time of breakdown that matters, 
and that the time between breakdowns is nearly constant so 
that the temperature probability density should be essential­
ly the same for each shot. 

It is instructive to consider M, 4>, and e, as random 
processes,34 not in time, but in the spatial variables that de­
scribe the cathode surface. The sample functions of these 
processes are the spatial distributions of field enhancement, 
surface work function, and surface temperature after each 
shot, just before the next breakdown. Particularly for other 
than planar electrodes, we expect each process to be spatially 
nonstationary.35 In that case, the probability densities, the 
primary current density ie and the field-enhancement 
threshold m, become functions of the spatial variables a that 
describe the cathode surface. Let the primary electron cur­
rent density be}e [cP,B,m,v(r );a] where we set off the spatial 
dependence with a semicolon; then Eq. (2) becomes 

.:It i 100 1""-p,(.:it) = - dO" dm dcPje [cP,B,m,v(1 );a] 
e z m~v;u) 0 

Xp <t>eM (¢;,B,m ;a), 

where ~ is the cathode surface. Or 

.:It i 1"" . p,(.:it) = - dO" Je (m,v(t );O"]PM(mia)dm, 
e Z mAv;u) 

where 

iefm,V(t)ia]=L'" dcP 1"" dB}e[¢;,8,m,v(t);a] 

XP<t>(¢; imiO")Pe(8jm,¢;;a). 

The corresponding value of A (v) is 

A (v) = ~ f. dO" roo ie(m,via)PM(m;a)dm. 
e -,Z )mAv:u) 

Consider, as an example, a spark gap with hemispheri­
cal electrodes and let a = ao correspond to the point on the 
surface at the center of the gap where the distance between 
the electrodes is a minimum. As we move further away from 
the center of the cathode, ie tends to remain constant (if it 
results from photoemission) or decrease (if it results from 
Schottky or Fowler-Nordheim emission) because the elec­
tric field at the cathode surface decreases as we move away 
from the electrode center. For a given relatively high value of 
m,PM(mia) should decrease sufficiently far away from elec­
trode center as the cathode surface becomes smoother. The 
threshold field enhancement m, (v;a), on the other hand, will 
increase rapidly as we move away from cathode center be­
cause m, increases rapidly with the increasing distance 
between electrodes. Thus, the integral over m decreases ra­
pidly as we move away from ao. That is, the contributions to 
A (v) come primarily from a small area t5A near the electrode 
center ao. Thus, 

A (v) = r"" ie(m,ViO"o)PM(m;O"o)dm, 
Jm~v;uoJ 

where 
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ie(m,v;ao) = ie(m,viao)t5A. 

This result is the same as Eq. (7) if we, in Eq. (7), use ie' 
PM' and m, corresponding to conditions near the cathode 
center. The use of these quantities appropriate to the central 
region is consistent with empirical observations that almost 
aU breakdowns occur in this region. 

APPENDIXC 

In the main body of the paper, it was assumed that the 
time for avalanche formation (formative time) is sufficiently 
short so that the applied voltage changes only negligibly 
( < 100 V) during this time. For SF6 and air at 1 atm, the 
maximum formative times are approximately 100 /-tS36.37 and 
thus, for charging rates less than 1000 k V Is, this assumption 
is valid. 

If the formative time is not negligible, then it is consid­
ered to be a random variable T t with a probability density 
PTt (t ). The increase in applied voltage during T t is a random 
variable V t. Because the voltage and time are monotonically 
related 18 

Pvt(V) = PTt(t VldVldl I· (Cl) 

Under these circumstances, the gap breakdown voltage is 
not simply V, the applied voltage when the first electron is 
born at a site at the cathode surface whereM > m" but rather 
the sum of V and Vt, which will be called U. 

u= V + vt. (C2) 

Thus, U is the sum of two random variables. Its probability 
density is therefore given bl8 

Pu{V) = r"" Pv.Vt(v - u,u)du, 
-'-"" 

(C3) 

wherepv.Vt(o,o) is the joint probability density for Vand vt. 
If Vand vt are statistically independent, then this result 
simplifies t039 

Pu(v) = Pv(v)*Pvt(v), (C4) 

where the asterisk denotes convolution in v,Pv(v) is given by 
Eq. (6), andpv+(v) is found using Eq. (CI). The random varia­
bles V and Vt are simply transformations of T and Tt. 
Therefore,40 Vand V t will be statistically independent if the 
formative time T t does not depend on the time T required 
for an electron to be born at a site on the cathode surface 
whereM>m t • 

Notice that if the formative time is negligibJe, then 
PVt(v) becomes t5 (v), a Dirac delta function, so that 

Pu{v) = Pv{v)*t5(v) = Pv(v). (CS) 

This case is the one assumed in the body of the paper. 
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